Negative refraction in the relativistic electron gas by de Carvalho, C. A. A. et al.
ar
X
iv
:2
00
6.
03
12
9v
1 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 4 
Ju
n 2
02
0
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We show that a gas of relativistic electrons behaves as a left-handed material at low frequencies by
computing its effective electric permittivity and effective magnetic permeability, and verifying that
they are both negative below a threshold frequency. We confirm that electromagnetically induced
propagation in the gas will either involve plasmons or an electromagnetic wave that propagates with
the speed of light in vacuum. In the latter case, we find that no energy is dissipated, so that the
medium is transparent. We obtain the value neff = −1 for the effective index of refraction, discuss
Snell’s law, and provide expressions for the reflection and transmission coefficients of the gas.
PACS numbers: 71.10.Ca; 71.45.Gm; 78.20.Ci.
I. INTRODUCTION
More than sixty years ago, Viktor Veselago [1] studied
the electrodynamics of materials with electric permittiv-
ity ǫ and magnetic permeability µ simultaneously nega-
tive. At the time, the study was just a theoretical exer-
cise, since no examples of materials exhibiting those char-
acteristics were known. Years later, it was even claimed
that those materials were not “naturally occurring” [2],
because negative magnetic responses did not seem to oc-
cur in Nature.
In fact, materials with both ǫ and µ negative were
eventually constructed, thanks to the engineering and as-
sembling of special nanostructures called split-ring res-
onators - SRR’s [3]. Such structures amplified magnetic
responses, making them comparable to electric ones, and
could be arranged so as to yield negative values for both
ǫ and µ. Those materials are called left-handed (LHM’s),
because electromagnetic (EM) waves propagate in them
with a Poynting vector opposite to the wavevector.
The key ingredient to obtain that behavior was the
artificial enhancement of magnetic responses, since non-
relativistic systems, whose particles have speeds v much
smaller than the speed of light c, have magnetic responses
significantly smaller than electric ones, ultimately be-
cause the sources of magnetic fields are current densities,
of order v/c ≪ 1 with respect to the charge densities
that generate electric fields. However, in relativistic sys-
tems (v ≈ c) the disparaty disappears, making magnetic
responses comparable to electric ones. Therefore, a possi-
ble way to search for a natural LHM is to use a relativistic
system whose ǫ may assume negative values in the non-
relativistic limit, in the hope that such a property will
not only be preserved in the relativistic limit, but also
shared by µ, thanks to the relativistic restoration of the
symmetry between electric and magnetic responses.
With that in mind, the natural candidate we propose
is the relativistic electron gas (REG), known to have neg-
ative values for ǫ at low frequencies in its nonrelativistic
limit. The REG is a plasma of electrons which, in the ab-
sence of interactions, obeys a Fermi-Dirac distribution at
very high densities, or very high temperatures, or both.
Under those circunstances, either the Fermi energy of
the system, or its thermal energy, or both, will be much
greater than the electron rest mass, so that many elec-
trons will have relativistic speeds.
We remark that by natural we mean not artificially
constructed, unlike the SRR-arrangements previously
mentioned. Just as a nonrelativistic free electron gas
may be a reasonable approximation to describe the outer
electrons of the atoms in a crystal, we expect the REG
to be an approximate description of certain regimes of an
electron plasma inside a Tokamak [4] or of certain astro-
physical scenarios, such as superdense electron-positron
plasmas in Gamma-Ray Burst (GRB) sources, where the
density is in the range n = (1030 − 1037)cm−3 [5, 6]. In
the context of plasma physics, the REG has been the
subject of many articles [7].
The appropriate formalism to treat the REG is that
of Quantum Electrodynamics (QED) [8]. It describes
the interaction of electrons and positrons with photons,
the quanta of EM fields, and was initially proposed at
zero temperature and zero average charge, i.e., for equal
numbers of electrons and positrons, characteristic of a
vacuum state. QED was soon generalized for finite values
of temperature and average charge which characterize a
REG (more electrons than positrons) [9, 10]. We will
be interested in the interaction of this REG with an EM
field that has a classical background part and quantum
(photonic) fluctuations around it. Our main concern is
to show how this medium reacts to the classical EM field
in order to establish that it is a natural example of a
left-handed material at low frequencies.
In order to accomplish out goal, we start from the par-
tition function of QED at finite temperature and charge
density, and perform a semiclassical expansion around
the classical EM background by integrating over quan-
tum fluctuations of the EM field, as well as over the
fermionic fields of electrons and positrons.
In leading order in the fine structure constant α, we
2may neglect the fermion-fermion interactions obtained
from the integration over EM fluctuations, and restrict
our attention to the interaction of the fermions with
the EM classical background. Then, integrating over
fermions yields a determinant that may be functionally
expanded in that EM background. If it is weak (some-
thing we quantify), we need not go beyond the quadratic
term, which leads to linear responses in the external field
[11, 12] (this is the familiar RPA approximation).
The validity of the model has been tested in the non-
relativistic limit by successfully [13] describing the ex-
perimental behavior of the plasmon energy, as a func-
tion of both temperature and wave vector, in low-energy
condensed-matter systems such as graphite [14, 15] and
tin oxide [16]. The study of the EM response of a REG in
the regime of high temperatures and densities is, there-
fore, in order.
The procedure just described allows for the compu-
tation of an effective action for the classical EM field.
Extremizing that action yields Maxwell’s equations, with
the polarizations and magnetizations that result from the
quantum fluctuations of the fermions around the classi-
cal background. From those quantities, we extract the
responses of both medium and vacuum to an external
classical perturbation.
Due to Lorentz invariance, polarizations and magneti-
zations depend on both electric and magnetic fields. If we
neglect the contribution of the vacuum, Maxwell’s equa-
tions in the REG medium will involve effective electric
permittivities ǫeff and magnetic permeabilities µeff whose
signs, as we shall demonstrate, may be simultaneously
negative for low frequencies.
We also calculate the energy dissipated in the medium
by an EM wave. If no plasmons are generated, there is no
dissipation. In other words, under those conditions the
REG is transparent to EM radiation, which propagates in
it with the same speed it has in vacuum. Therefore, the
effective index of refraction neff of the REG has modulus
one. Since the effective electric and magnetic responses
are both negative at low frequencies, we have a LHM
with neff = −1, with a Poynting vector that lies opposite
to the wavevector.
This article is organized as follows: in section II, we de-
scribe the theoretical procedure used to obtain the effec-
tive EM responses of the REG from Maxwell’s equations
in the medium, derive the effective electric permittivity
and effective magnetic permeability, and show that in
the long-wavelength limit they are both negative below
a threshold frequency; in section III, we discuss the col-
lective modes that propagate in the gas and derive the
electromagnetic energy-momentum tensor to show that
the energy dissipated by the medium vanishes, unless
longitudinal and transverse plasmons are excited; in sec-
tion IV, we show that the REG has an effective index
of refraction neff = −1, and discuss refraction to show
how Snell’s law is modified; in section V, we present re-
flection and transmission coefficients for a wave incident
from vacuum; finally, we present our conclusions in sec-
tion VI.
II. EFFECTIVE RESPONSES
The REG has been recently studied [11, 12] by means
of a semiclassical treatment of QED at finite temperature
and charge density, restricted to an RPA approximation
and linear response, in which the EM field was taken as
the sum of a classical external part plus quantum fluctu-
ations, whereas the electrons were subject to a full quan-
tum treatment, just as in the nonrelativististic case that
led to the celebrated Lindhard expressions [17].
The linear response approximation is justified since we
have neglected terms of order α˜ = α2(ℏc eE)2/(mc2)4
in the gauge expansion. For a typical value of the
electric field strength EQED for which quantum vac-
uum effects become important (EQED = mc
2/eλ =
1.32 × 1010MeV/cm, with λ = ℏ/mc) one then obtains
α˜ = (1/137)2. The intensity associated with this field
strenght IQED = 4 × 1028W/cm2 exceeds the inten-
sity of the most powerful laser available [18, 19], and
is large enough to accelerate an electron to relativistic
velocities. For our calculations, the EM background is
typically E = (|~q|/2π)λEQED ∼ 106MeV/cm, where
|~q| = 5.1keV/ℏc is the external wavevector of the EM
radiation, clearly weak enough for the RPA aproxima-
tion to hold.
The classical EM field inside the REG is actually the
sum of the classical field generated by the free electrons
of the gas and the classical external field modified by
the polarization and magnetization of the gas. We will
assume that the former term is neutralized by a positive
background, and concentrate on the latter, which will
eventually describe a propagating field.
The Lagrangean density for the EM field, in Euclidean
metric, is given by [12]
LE(x) = 1
2
∫
d4q
(2π)4
Aµ(q)Γµν(q)Aν(−q)eiq·x, (1)
with
Γµν = q
2δµν − (1− 1
λ
)qµqν −Πµν , (2)
and Πµν being the polarization tensor of QED.
Defining a tensor Pµν whose components are the po-
larization ~P (P4j = iP
j) and magnetization ~M (Pij =
−ǫijkMk) vectors, just as the tensor Fµν has as com-
ponents the electric ~E (F4j = iE
j) and magnetic ~B
(Fij = ǫijkB
k) fields, we have obtained [11]
Pµν =
Πµσ
q2
Fνσ − Πνσ
q2
Fµσ , (3)
which led to the calculation of Hµν ≡ Fµν + Pµν , whose
components are given in terms of the electric displace-
ment ~D (H4j = iD
j) and magnetic induction ~H (Hij =
3−ǫijkHk). It is interesting to note that, with those defi-
nitions, the action for the Euclidean Lagrangean may be
expressed in a fully covariant form
SE =
1
4
∫
d4xFµν (x)Hµν(x). (4)
From the calculation of the polarization tensor of
QED (see Appendix A) and the definitions above, we
have shown [11] that the Fourier transformed constitu-
tive equations of the REG are Dj = ǫjkEk + τjkBk,
Hj = νjkBk + τjkEk, with ν ≡ µ−1.
The linear-response RPA tensors are ǫjk = ǫδjk +
ǫ′qˆj qˆk, νjk = νδjk+ ν
′qˆj qˆk, and τjk = τǫjkl qˆl. The eigen-
values of ǫjk are ǫ+ ǫ
′ and ǫ. The eigenvector associated
to ǫ+ ǫ′ is along qˆk, thus longitudinal to the propagating
wave, whereas the two eigenvectors corresponding to the
eigenvalues ǫ are along directions transverse to qˆk. The
same occurs for νjk, with eigenvalues ν + ν
′ and ν. The
tensor τjk is clearly transverse.
The permittivities and inverse permeabilities are deter-
mined by three scalar functions A∗, B∗ and C∗ defined in
the Appendix B, the asterisk denoting the continuation
to Minkowski space, q4 → iω−0+, of the Euclidean scalar
functions A(q4, |~q|), B(q4, |~q|), and C(q24 + |~q|2) [8, 11].
It is important to analyze the long-wavelength limit,
|~q| → 0, where the wavelength of the radiation is much
larger than the Compton wavelength of the electrons.
In particular, for T = 0, the electric permitivitty ǫ and
the inverse of magnetic permeability ν have Drude-type
responses [11]
ǫ = 1− ω
2
e
ω2
+
e2
3π2
ge
(
ξ
m
)
+O
(
ω2
4m2
)
, (5)
ν = 1− ω
2
m
ω2
+
5e2
6π2
gm
(
ξ
m
)
+O
(
ω2
4m2
)
, (6)
where ω2m = 2ω
2
e and ωe = e
2η/m is the longitudinal
(electric) plasmon frequency; η is the electron gas den-
sity; ge(ξ/m) and gm(ξ/m) are O(α) small corrections;
and ξ is the chemical potential at T = 0.
The Drude-type expressions above imply that electric
and magnetic responses are simultaneously negative for
small frequencies ω. This is only due to the medium
contribution, since the vacuum contribution is of order
(ω2/4m2), and does not exhibit any such behavior. Tak-
ing the long-wavelenght limit after the nonrelativistic
limit of the system yields a Drude expression only for
ǫ, but not for ν, as discussed in [11].
In order to obtain effective responses, whose behavior
is entirely similar to the one described by Veselago [1],
we start with the polarization and magnetization written
as
Pi = (ǫ − 1)ELi + (ǫL − 1)ELi − τǫijk qˆjBTk , (7)
Mi = (1− ν)BTi + (1− νL)BLi + τǫijk qˆjETk . (8)
Maxwell’s equations read
ǫijkqjEk = ωBi, (9)
ǫijkqjHk = −ωDi. (10)
Since an EM wave must obey Maxwell’s equations, the
longitudinal components of the fields vanish, BL = EL =
0 in eqs.(7) and (8). We then obtain the constitutive
equations,
Di = ǫE
T
i − τǫqˆjBTk , (11)
Hi = νB
T
i − τǫqˆjETk . (12)
Substituing them into Maxwell’s equations yields
~q ∧ ~ET = ω
(
µ|~q|
|~q| − ωµτ
)
~HT , (13)
~q ∧ ~HT = −ω
(
ǫ+
|~q|
ω
τ
)
~ET . (14)
Comparing the above equations with those in Veselago’s
work [1], we identify the effective responses of the REG
as
µeff =
µ|~q|
|~q| − ωµτ (15)
ǫeff = ǫ+
|~q|
ω
τ (16)
Note that, when τ = 0, we recover µeff = µ and ǫeff = ǫ.
Defining |neff | ≡ |~q|/ω, n2eff = µeffǫeff . The LHM behav-
ior will occur whenever ǫeff and µeff are both negative.
As an example, Fig.1 shows the behavior of the real
parts of ǫeff and µeff at T = 0 for |~q| = 5.1keV/ℏc.
Note that both effective responses become negative in
the shaded region, exhibiting the LHM behavior. In this
region, the imaginary parts Imǫeff = Imµeff = 0 are null,
so that wave propagation occurs without energy dissipa-
tion.
Writing the effective responses, eqs. (15) and (16), in
terms of the scalar functions A∗ and B∗, and neglecting
the vacuum contribution (C∗ << 1), we have
ǫeff = 1 +A∗ − ω
2
|~q|2B
∗, (17)
µeff =
(
1 +A∗ − ω
2
|~q|2B
∗
)−1
. (18)
So, we obtain ǫeff = µ
−1
eff = νeff , thus n
2
eff = 1. This
implies that an EM wave will propagate with the speed of
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FIG. 1: Real parts of ǫeff (solid line) and µeff (dashed line) as a
function of the ℏω, and ℏc|~q| = 5.12keV, where |~q| is the wavevec-
tor. When ω ↓ |~q|, ǫeff → −∞. The shaded area correponds
to the region where both ǫeff and µeff are simultaneously nega-
tive. Results were obtained for T = 0 and electron gas density
η = 1.76× 1028cm−3.
light in vacuum, and no dissipation, as we shall explicitly
show.
From eqs. (B1) and (B2), with C∗ = 0, we derive
ǫeff = νeff = ν +
ω2
|~q|2 + ω2 (ǫ− ν). (19)
In the long-wavelength limit |~q| → 0, we may use the
Drude expressions in eqs.(5) and (6), neglecting terms of
O(α) due to small corrections, and we find that
ǫeff = νeff = ν =
(
1− ω
2
e
ω2
)
. (20)
Therefore, in the long-wavelength limit, the effective re-
sponses will have the exact same Drude behavior, both
being negative below the longitudinal electric plasmon
frequency. Simultaneously negative responses character-
ize the gas as a LHM, as we shall show in the sequel.
In summary, for Fermi gases, the LHM behavior is a
characteristic that appears only in a relativistic context.
III. PROPAGATION
In this section, we will present the collective modes
that propagate in the REG, which are either plasmonic
or photonic, and obtain the energy-momentum tensor for
the EM field. We will then show that the photonic mode
propagates in the medium without losses.
A. Collective modes
A complete discussion of the modes that propagate
in the REG was given in [12], where analytic results at
T = 0 and numerical results for T 6= 0 were used to com-
pute decay constants and dispersion relations for both
longitudinal and transverse plasmons. In order to obtain
the collective modes of oscillation, we computed how the
medium affects the photon propagator in the REG. The
inverse of the quadratic kernel Γµν in eq.(2) gives the
photon propagator
Γ−1µν =
PLµν
−q2ǫL +
PTµν
−q2(νL + 1) +
λ
q2
qµqν
q2
, (21)
with the projectors Pµν ≡ PLµν + PTµν = δµν − qµqν/q2,
PTij = δij − qˆiqˆj , and PT44 = PT4i = 0; λ is a gauge param-
eter. The poles of the photon propagator correspond to
collective excitations and yield their dispersion relations.
In the longitudinal propagator, there is a pole
whenever the longitudinal electric permittivity vanishes
ǫL(ω, ~q) = 0, which leads to the dispersion relation of the
longitudinal plasmon collective excitation. For ǫL(ω, ~q)
nonzero, Maxwell’s equations lead to transverse fields,
~q · ~E = 0, which means that the pole q2 = 0 in the longi-
tudinal propagator is not realized in this case.
The transverse propagator has poles whenever the in-
verse of the magnetic permeability becomes µ−1L (ω, ~q) ≡
νL(ω, ~q) = −1. They correspond to collective oscillations
of the current density. There is another transverse mode
of propagation in the REG whenever q2 = ω2 − |~q|2 = 0,
corresponding to a photonic mode that propagates with
the speed of light c in vacuum. Fig.2 shows the modes of
propagation, with the shaded area corresponding to the
region where the excitation of particle-antiparticle pairs
occurs.
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FIG. 2: The dispersion curves for transverse (ωT ) and longitudinal
(ωL) plasmon modes. In the shaded area, Im[ǫL] 6= 0, indicating
decay of the longitudinal mode. The dashed line is discarded as
a solution for the longitudinal dispersion as it lies entirely in the
region of nonzero imaginary part of ǫL . We have also shown the
dispersion (dotted line) for the photon mode ωγ = q. Results
were obtainded for T = 0 and an electron gas density η = 1.76 ×
1028cm−3.
5B. Energy-momentum tensor
The current JIν induced in the REG by the external EM
field is related to the polarization Pµν by ∂µPµν = −JIν .
This allows us to obtain the energy-momentum tensor
Tµλ as
Tµλ = FµνFλν − δµλF 2/4, (22)
which satisfies
∂µTµλ = −JµFµλ, (23)
with T44 = −u, u being the energy density , and Tj4 =
iSj, ~S being the Poynting vector. The total current Jµ
includes the free current contribution, so that Jµ = J
F
µ +
JIµ. Since J
I
4 = i
~∇· ~P and JIj = −∂tPj−(~∇∧ ~M)j , eq.(23)
may be expressed in Minkowski space (JM0 = iJ
E
4 , ~JM =
− ~JE) as
∂u
∂t
+ ~∇ · ~S = − ~E ·
(
~JF + ~∇ ∧ ~M + ∂
~P
∂t
)
. (24)
The above equation expresses the Poynting theorem [20,
21], with u = ( ~E2 + ~B2)/2, ~S = ~E ∧ ~B, and ~M and ~P
the magnetization and polarization vectors, respectively.
A simple rewriting leads to[
~E · ∂
~D
∂t
+ ~H · ∂
~B
∂t
]
+∇ · ( ~E ∧ ~H) = − ~E · ~JF . (25)
The total energy dissipated may be identified as
E =
∫
d4x
(
~E · ∂
~D
∂t
+ ~H · ∂
~B
∂t
)
. (26)
In terms of the Fourier transforms,
E =
∫
d4q
(2π)4
iω [Ej(q)Dj(−q) +Hj(q)Bj(−q)] . (27)
Since the fields are real, Ej(x) = E
∗
j (x), we have
Ej(−q) = E∗j (q). Inserting the constitutive equations
of the REG for H and D,
E =
∫
d4q
(2π)4
(−iω)
[
ǫL|EL|2 + ǫ|ETj |2 − νL|BL|2
−ν|BTj |2 + 2τǫijk qˆkRe(E∗i Bj)
]
. (28)
From Maxwell’s equations, we have EL = BL = 0, and
Bi = B
T
i = ǫijkqjE
T
k /ω. Thus,
E = −i
∫
d4q
(2π)4
ω
[
ǫ(q)− ν(q) |~q|
2
ω2
+ 2τ(q)
|~q|
ω
]
|ETi (q)|2.
(29)
Let us analize the above expression for the photonic
mode |~q|2 − ω2 = 0. The term inside the brackets in
eq.(29) is
ǫ(q)− ν(q) + 2τ(q). (30)
Setting C∗ = 0 in eqs.(B1)-(B4), eq.(30) becomes
ǫ(q)− ν(q) + 2τ(q) =
(
1− ω|~q|
)2
B∗. (31)
Thus, for the photonic mode, since |~q| = ω, we have E = 0
in (29). No energy is dissipated.
In conclusion, the photonic mode propagates with the
speed of light in vacuum, a sign that there are no losses
to the medium, as explicitly verified by our calculation
of the vanishing energy dissipation. Physically, this is
inevitable, because there is no mechanism for dissipating
energy in the REG - its particles do not interact with each
other, only with the photons of the external radiation,
which will only change the momenta of the electrons,
without losing energy (elastic collisions). Had we been
dealing with atoms, the photons could induce transitions
in the energy level occupation of the electrons, and that
would lead to energy loss.
IV. REFRACTION
A. The Index of Refraction
We have seen that n2eff = µeffǫeff , implying that |neff | ≡
|~q|/ω = 1, a confirmation that the EM field will propa-
gate with the speed of light in vacuum. The wave equa-
tion is obtained in the usual manner. From eq.(10), we
derive
(ν|~q| − ωτ)ǫijk qˆjBTk = −(τ |~q|+ ǫω)ETi . (32)
Then, using eq.(9), we arrive at[
|~q|2 −
(
ǫµ+ 2µτ
|~q|
ω
)
ω2
]
ETi = 0. (33)
A similar equation is also valid for BTi . For an electro-
magnetic wave, the modulus of the effective refractive
index is given by |neff | = |~q|/ω. Thus, we obtain the
quadratic equation
n2eff − 2µτ |neff | − ǫµ = 0, (34)
and since |neff | > 0, we have
|neff | = √ǫµ
[(
1 +
µ2τ2
ǫµ
)1/2
+
µτ√
ǫµ
]
. (35)
If we assume that
√
µ
ǫ τ ≪ 1,
|neff | ≈ √ǫµ
(
1 +
√
µ
ǫ
τ
)
, (36)
6the modulus of the refractive index has a small relativistic
correction. Whenever τ = 0, we recover the nonrelativis-
tic result |neff | = √µǫ.
Since we have |neff | = 1, the effective responses in
eqs.(15) and (16) become ǫeff = ǫ + τ and νeff = ν − τ ,
where νeff = µ
−1
eff . Therefore, setting C∗ = 0 and |~q| = ω
(photonic mode), eqs.(B1), (B2) and (B4) become
ǫ = 1 +A∗, (37)
ν = 1 +A∗ − 2B∗, (38)
τ = −B∗, (39)
leading to
ǫeff = νeff = 1 +A∗ − B∗. (40)
This immediately shows that ǫeff < 0 implies νeff < 0.
The longitudinal responses for the photonic mode are
ǫL = ǫ+ ǫ
′ = 1, (41)
νL = ν + ν
′ = 1 + 2(A∗ − B∗). (42)
From the definition of the effective responses, we derive
ǫeff = νeff =
νL + 1
2
(43)
This vanishes for the magnetic plasmon mode (νL = −1),
and becomes negative for νL < −1
ǫeff = νeff < 0. (44)
We note that, for the photonic mode ω = |~q|, ǫeff =
νeff → −∞, keeping the product n2eff = µeffǫeff = 1. That
can be seen by taking the limit ω ↓ |~q| from above, since
ω = limmγ→0
√
~q2 +m2γ , mγ being the vanishing photon
mass, as shown in Fig.3. Thus, we have ǫeff < 0 and
νeff < 0, which leads to neff = −1, as detailed in the
sequel.
B. Snell’s Law
Maxwell’s equations will provide the relative orienta-
tion of the wave vector (qˆ) with respect to the electric
(eˆ) and magnetic (hˆ) fields. For the usual case where
the medium is right-handed, we have qˆ ∧ eˆ = +hˆ and
qˆ∧ hˆ = −eˆ. On the other hand, Maxwell’s equations (13)
and (14), for a LHM with µeff < 0 and ǫeff < 0, yield
qˆ ∧ eˆ = −hˆ and qˆ ∧ hˆ = +eˆ. From previous considera-
tions, the REG is a LHM. Then,
eˆ ∧ hˆ = −qˆ. (45)
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FIG. 3: Effective permittivity for values of ω ↓ |~q| (photonic
mode). Calculations were performed at T = 0 and electron density
η = 1.76× 1028cm−3.
From the definition of the Poynting vector, ~S ≡ ~E ∧ ~H ,
the vector sˆ = eˆ ∧ hˆ, is opposite to its wavevector by
eq.(45).
Analyzing the refraction of light in a LHM, Maxwell’s
equations lead to boundary conditions on the interface
(z = 0) delimited by the two media
E(xy)a = E(xy)b, H(xy)a = H(xy)b, (46)
ǫ1E(z)a = ǫeffE(z)b, µ1H(z)a = µeffH(z)b, (47)
where ǫ1 and µ1 correspond to the responses of the
medium that is a RHM.
As Veselago argued, the boundary conditions must be
satisfied regardless of the relative rightness of the media.
Thus, because of the continuity of the tangential com-
ponent of ~q, an incident wave with Poynting vector ~S0
and wavevector ~q0 from medium (a) has two possibilities
to refract into medium (b), decipted in Fig.4, depending
on the rightness of the vectors fields. If ǫeff and µeff are
simultaneously negative in medium (b), the only way to
refract is with an angle θ2 opposite to the one for a RHM.
Since the radiation flows along the Poynting vector ~S2,
which is antiparallel to wavevector ~q2, from Snell’s law,
this implies that, for the pure photonic mode q2 = 0, the
index of refraction is neff = −1.
Let us define the wavevector of the radiation incident
from the RHM as ~q0, that of the reflected wave as ~q1,
and that of the wave refracted in the LHM as ~q2. Thus,
from the continuity of the tangential components, the
boundary conditions on (46) and (47) lead to q0y = q1y =
+q2y. In the LHM, the tangential component q2y has
positive sign. However, its Poynting vector ~S2y has a
minus sign, S0y = −S2y. Since, |~q0| = |~q1| = ωc |n1|,
where n1 is the refractive index of medium (a), following
standard calculations [21], we have for transparent media
θ0 = θ1, and obtain Snell’s law,
p1 n1 sin θ0 = p2 n2 sin θ2, (48)
where for a RHM, p1 = +1, and for a LHM, p2 = −1,
with n1 > 0, and n2 < 0.
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FIG. 4: Ilustration of the two media with refractive index (a)
nvac = 1 and (b) neff = −1 . When the EM wave enters the LHM
(b), the Poynting vector ~S2 is opposite to ~q2, and the refracted
angle is θ2.
We have thus shown that the only way that the EM
wave propagates in the REG is with neff = −1 in the
photonic mode q2 = 0. This result corrects a misunder-
stading in Ref.[22], which misused the concept of index of
refraction for the electric plasmon oscillation. The con-
cept of index of refraction can only be applied to a prop-
agating electromagnetic wave; not to a plasmon excita-
tion, which is an oscillation of the electric charge density
in the medium.
V. REFLECTION AND TRANSMISSION
COEFFICIENTS
The electric and magnetic fields in a LHM may be ob-
tained from Maxwell’s equation. We shall use the bound-
ary conditions given by Eqs.(46) and (47) in order to
find the reflection and transmission coefficients for an
incoming wave propagating from medium (a)(RHM) to
medium (b) (LHM), as shown in Fig.4. Let us start with
the case where the electric field only has the component
~Ei = Eixˆ (TE-mode). From (13) we obtain
Hy =
(
1
ωµeff
)
qzEx. (49)
Therefore, continuity of tangential components of ~E and
~H leads to
E0 + E1 = E2, Ho +H1 = H2, (50)
where E0x = E0, E1x = E1 and E2x = E2. Noting that
q1z = −q0z, after some algebraic manipulations and using
Snell’s law for transparent media [21], we find
E1 =
α− β
α+ β
E0, (51)
E2 =
2α
α+ β
E0. (52)
where, α = |µeff | sin θ2 cos θ0, and β = µ1 sin θ0 cos θ2.
These results allow us to compute the reflection and
transmission coefficients for the TE-incident wave. For
that, we need to compute the Poynting vector Si =
ǫijkEjHk. For a LHM, using Maxwell’s equations (13)
and (14),
Si = −
√
ǫeff
µeff
EjEj qˆi. (53)
where we identified qˆi|~q|/ω = −|neff |qˆi. The reflection
coefficient R = 〈S1〉/〈S0〉 may be computed as the ra-
tio between the average reflected flux 〈S1〉 and the av-
erage incident flux 〈S0〉. For transmission coeficient
T = 〈S2〉/〈S0〉, where 〈S2〉 is the average transmit-
ted flux. Assuming 〈S1〉 in the same direction as the
wavevector, as we are in a right-handed medium, θ0 = θ1,
and considering medium (a) (n = 1) and medium (b)
(neff = −1) transparents, from Eqs.(51) and (52) we ob-
tain
R =
(α− β)2
(α+ β)2
, (54)
T =
4αβ
(α+ β)2
, (55)
which give the reflection and transmission coefficient for
a TE-incident wave. Note that R + T = 1 as expected,
since no energy is absorbed by the LHM, as we have seen
before.
Eqs.(54) and (55) can be simplified for the photonic
mode ω = |~q|, where θ0 = θ2, as shown in Fig.4. We find
R =
( |µeff |+ µ1
|µeff | − µ1
)2
, (56)
T =
4|µeff |µ1
(|µeff |+ µ1)2
. (57)
As mentioned before, for the photonic mode ω = |~q|,
ǫeff = νeff → −∞, or µeff → 0. We then obtain the coef-
ficients of reflection R = 1, and transmission T = 0, for
that mode. This implies that, if the radiation propagates
in vacuum (n = 1), and the external medium is a LHM
(neff = −1), we obtain total reflection at the interface
for any angle of incidence, suggesting that a LHM can be
used as a waveguide with no energy dissipation.
8VI. CONCLUSIONS
We have presented a theoretical study of the EM re-
sponses of a REG at various temperatures and charge
densities, as well as the propagation of collective exci-
tations in the gas, with special emphasis on a photonic
mode.
We have shown that the gas has effective responses that
are both negative at frequencies below the longitudinal
electric plasmon frequency. We conclude that the REG is
a natural realization of a LHM, and this occurs because
the gas is relativistic.
We have also confirmed that the photonic mode prop-
agates in the REG with the speed of light in vacuum,
without losses, by explicitly computing the energy dis-
sipated in the gas and finding that it vanishes, a conse-
quence of the fact the electrons do not self-interact. The
REG is thus completely transparent.
Finally, we argue that the index of refraction for the
photonic mode is neff = −1, and explore the implications
for Snell’s law, and for the reflection and transmission
coefficients. We show that the REG can act as a perfect
waveguide, where there is no energy dissipation.
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Appendix A: The Polarization Tensor of QED
The polarization tensor of QED, at finite temperature
and finite charge density, may be naturally split it into
two parts Πµν = Π
(v)
µν +Π
(m)
µν . The vacuum contribution
Π(v)µν = −(q2δµν − qµqν)C(q2), (A1)
and the medium contribution
−Π
(m)
ij
q2
=
(
δij − qiqj|~q|2
)
A+ δij q
2
4
|~q|2B, (A2)
−Π
(m)
44
q2
= B, −Π
(m)
4i
q2
= −q4qi|~q|2 B. (A3)
A(q4, |~q|) and B(q4, |~q|) are scalar functions obtained
from the Feynman graph used to calculate Π˜µν , i. e.,
A = −e
2
2π3q2
Re
∫
d3p
ωp
nF (p)
p.(p+ q)
q2 − 2p.q + (1−
3q2
2|~q|2 )B,
(A4)
and
B = −e
2
2π3q2
Re
∫
d3p
ωp
nF (p)
p.q − 2p4(q4 − p4)
q2 − 2p.q , (A5)
where p4 = iωp = i
√
|~p|2 +m2 and nF (p) = (eβ(ωp−ξ) +
1)−1+(eβ(ωp+ξ)+1)−1. Expressions (A4) and (A5) may
be integrated over angles. C is obtained from the vac-
uum polarization contribution [8]. The calculation of the
medium contribution to the polarization tensor was per-
formed long ago [10], and its asymptotic behavior for long
wavelengths appeared in [11].
Appendix B: The permittivities and inverse
permeabilities
The components of the linear-response RPA tensors,
ǫjk, νjk and τjk are given by
ǫ = 1 +A∗ − q
2
|~q|2B
∗ +
(
2− ω
2
q2
)
C∗, (B1)
ν = 1 +A∗ − 2 ω
2
|~q|2B
∗ +
(
2 +
|~q|2
q2
)
C∗, (B2)
ǫ′ = −ν′ = −
[
A∗ − |~q|
2
q2
C∗
]
, (B3)
τ = − ω|~q|
[
−|~q|
2
q2
C∗ + B∗
]
. (B4)
For the longitudinal responses, one obtains
ǫL = ǫ+ ǫ
′ = 1 + C∗ +
(
1− ω
2
|~q|2
)
B∗, (B5)
νL = ν + ν
′ = 1 + 2C∗ + 2A∗ − 2 ω
2
|~q|2B
∗. (B6)
In Fig.5, we display the different relevant regions of the
(|~q|, ω) plane where the real parts of ǫL and νL exhibit
various signs [12]. Again, we stress that there is a region
where both ǫL = ǫ+ǫ
′ and νL = ν+ν
′ are simultaneously
negative, indicating that the REG exhibits a behavior
that has not yet been experimentally observed in natural
materials.
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